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ABSTRACT. Gordji et al. [M. E. Gordji, M. Ramezani, Y. J. Cho and S. Pirbavafa, A generalization of Geraghty’s theorem in partially
ordered metric spaces and applications to ordinary differential equations, Fixed Point Theory Appl., 2012, 2012:74] obtained a

generalization of Geraghty’s theorem. In this paper, we introduce generalized (l//, ﬁ) -order contractive mappings and obtain existence

of coupled fixed point of such mappings in partially ordered metric spaces. These results establish some of the most general coupled fixed
point theorems in partially ordered metric spaces. We also present an example and an application to demonstrate the results presented

herein.
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1. INTRODUCTION

Fixed point theory is one of the well known traditional theories in
mathematics that has a broad set of applications. Existence of fixed
points of mappings satisfying certain contractive conditions can be
employed to prove existence of solution of many functional
equations (see for example [2, 6-8, 10, 13, 16, 21] and references
mentioned therein). Recently, results related to existence and
uniqueness of fixed points in complete metric spaces equipped with
a partial ordering < have been studied extensively in [1, 3-5, 9, 11,
12, 19]. Most of them deal with a monotone (either order-
preserving or order-reversing) mappings, a classical contractive
conditions and an assumption of existence of a lower or upper fixed
point of mapping involved therein. The first result in this direction
was established by Ran and Reurings [20] who also presented
applications to linear and nonlinear metric space. Subsequently,
Nieto and Rodriguez-Lopez [15] extended the result of Ran and
Reurings [20] for non-decreasing mappings and applied to obtain a
unique solution for a first order ordinary differential equation with
periodic boundary conditions.

Bhashkar and Lakshmikantham [7] introduced a concept of coupled
fixed point of a mapping and investigated some coupled fixed point
results in partially ordered complete metric spaces. As an
application of their result, they investigated the existence and
uniqueness of solution for a periodic boundary value problem.
Choudhury and Kundu [9] obtained coupled coincidence point
results in partially ordered metric spaces for compatible mappings.
Samet [18] proved coupled fixed point theorems for a generalized
Meir-Keeler contraction in partially ordered metric spaces. Then,
later [3, 14, 16, 17, 19] provided some more interesting results in

this direction.

In this paper, we study sufficient conditions for existence of a

unique coupled fixed point of mapping satisfying generalized
(v, B) -contractive condition defined on a partially ordered
Presented

metric  space. results extend and unify various

comparable results in existing literature. We also employ our result
to establish an existence of solution of implicit integral equation.

In the sequel, [],[] "and [J denote the set of real numbers, the

set of nonnegative integers and the set of positive integers,
respectively. The usual order on [ ( respectively, on [1 ™) will

be indistinctly denoted by < or by >.

The following definitions and results will be needed in the sequel.

Let S be the class of all mappings 3 :[] © — [0, 3) satisfying
. 1
the condition f(t,) — = whenever t — 0. Note that
n 2 n

S# as the mapping f :[0,00) —>[0,3) given by the

formula f (x) = 5 1 qualifies for a member of S .
J’_

X2

Define W={w: 0" >0": w non-

is continuous,
decreasing, subadditive and y/(t) =0 iff t=0}. Definition
1.1. Let X be a nonempty set. The triple (X,<,d) is called a
partially ordered metric space iff:

(i) < isapartial orderon X ;

(i) disametricon X .
Recall that if (X,<) s a partially ordered set and

f:X — X s such that for X,ye X, X<Y implies
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f(X)< f(y),then f is said to be non-decreasing. Similarly, a
non-increasing mapping is defined.

Definition 1.2. A partially ordered metric space (X,=<,d)is
said to have a sequential limit comparison property if every non-
decreasing sequence (non-increasing sequence){xn} in X such
that X, convergesto X implies that X, < X(X < X,).

Let (X,<) be a partially ordered set and F: X x X — X .

According to [BhashkarL], if F is monotone non-decreasing in X

and monotone non-increasing in Y, then F s said to have mixed
monotone property, that is, for any X, Yy € X,

X, X, € X, X <X, implies F(x,,y) < F(X,,Y)

and

Vi, Y, € X, Y, <Y, implies F(x,y,) > F(X,Y,).

Let X beanonemptysetand F : X x X — X be a mapping.

Apoint (X, Y) in X x X is called coupled fixed point of F if

F(xy)=Xand F(y,X)=Yy.

In this paper, we shall consider the set A, < X x X as follows:
A, ={(X,y),(u,v) e XxX

2. The Coupled fixed point result

: X<uandy >V}

Now, we prove the existence of coupled fixed point of a mapping
satisfying generalized (1, 3) -contractive condition in the setup
of partially ordered metric spaces.

Theorem 2.1. Let (X, <, d) be a complete partially ordered
metric space and F : X x X — X a mapping having mixed

monotone property. Suppose that there exist ,B e S and

w € ¥ such that

w(d(F(x,y), Fu,v)) < SM(X,y,u,V)IN(X, y,u,V),

1)
is satisfied for all X, Y,U,V € X, for which X < U and

Y >V, where
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M(X,y,u,V) :y/(max d(x,u)erd(y,v) ,
d(F(x, y),x) +d(F(x y),u)
> ,
d(y,v) +d(F(xy),x)
> ,
d(y,v) +d(F(x y).u)
)

and

N(x,y,u,v) =W(max d(x,u);d(y,v)

d(y,v) +d(F(x y).x)
, yv+2ny x})

If there exist X, and Y, in X such that

X, < F (X, Yo)and Y, = F(Y,,X,). and either F is
continuous or X has a sequential limit comparison property, then

F has a coupled fixed point. Moreover, F has a unique coupled

fixed point if and only if the set of all coupled fixed points is

contained in A .

Proof: Let X,, Y, € X besuch that X, < F(X,,Y,) and

Yo = F(Yy,X,) - Construct two sequences {X, } and {Y,} in
X such that
Xou = F (X0 Ya)y Yoo = F(Ya, %), forall n>0.

We shall show that X, < X ., and Y, > Y,,, forall
nel]l U{0}.

Note that X, < F(Xy, Y,) =X and Yo > F (Yo, %) =V,.
Thatis, X, < X, and Y, > Y. So our claim is true for N = 0.
Suppose that it holds for some fixed N = kK >0, thatis,

X < Xyq and Y, > VY, Now we show that X, ; < X, .,

and Yy .1 ™ Yy.o- Since F has mixed monotone property,
therefore

Ko = F(Xk+1’ yk+1) >~ F(Xk ' yk+1) - F(Xk’ yk) = X
and

Yirz = F(Yiorr Xaa) < F (Yo Xen) < F(Yir %) = Y-
Hence the claim follows. By induction, we obtain that
Xo1 =< Xppp and Y, > Y,,, forall nell U{0}. Now

from (2.1), we have
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V/(d (Xn 1 Xn+1)) = V/(d (F (Xn—l’ yn—l) F (Xn' yn )))
< ﬂ(M (Xn—l! yn—l’ n’ yn))
N (anl’ yn—l’ XI’]’ yn)’

(22)
where
M (Xn—l’ yn—l’ Xn’ yn)
(20 ) 00 )
d (F (Xn—l’ yn—l)' Xn—l) + d (F (Xn—l’ yn—l)’ Xn)
2 i)
d (ynfli yn) + d (F(anli ynfl)’ anl)
2
d(yn—l’ yn) + d(F(Xn—l’ yn—l)’ Xn)
' 2 })
:t//(max d(an’Xn)—;d(ynl'yn)
d(X,, X, ) +d(X,,X,)
’ 2
d (ynfl’ yn) + d (Xn 1 Xn—l)
’ 2

EURSARLICER; |

(Ol(Xn ot n)+0|(yn 4 yn))

(%1 %) +d (Y0 Yn)

N (X1 Yoas Xos Vo) =z//(max 5

d (Yo 1 ¥a) +A(F(Xgs Yoa): xn_l)})

2

= y/(max >
d(Yos: Ya) Z d(x,, xnl)})

— d(Xn—l’Xn)+d(yn—1lyn)
-y (W) 00 1)

Thus from (2.2), we have

l//(d (Xn ' Xn+1))

d (X, 1 %) +d (Yo, ¥)
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Similarly

!r//(d (yn’ yn+1)) = l//(d(F(yn—l’ Xn—l)’ F(yn’ Xn)))

< IB(M (yn—l’ Xn—l’ yn ' Xn))N (yn—l’ Xn—l' yn’ Xn)’
(2.4)
where

d(x, %) +d(Y, .Y,
M(yn_l,xn_llyn’xn)zw(max{w’
d(F(ynfli anl)l Ynfl) +d(l:(ynfll anl)v yn)
2 )
d(Xn—l’ Xn) t d (F (yn—lY Xn—l)l YH—l)

2
0,2 %) + A (F (Y0 X0, o)
X X )+ 2y X y})

=x//(max d(x % )+d(y, ,,Y,) d(Yann_l)er()’n,yn),

2 ’ 2
00 %) 00 Vo) 0080 %) +80 1)
; )
:V/(max{d(xnl’Xn);d(ynlvyn),d(ynvzyn 1)'d( nzll )})
d(Xn I'X )+d(yn l’yn)
(—

and

d(x._,x.)+d(Y, Y,
N(yn—l’ n-1r Yo n) (max (”‘1 )+d(y 1 y),

2

(X0 %,) w1 o) Yo
+d(2(y Xp1): Y )})

=w(max{d(xnpxn);d(ynpyn),

d (X0 %) +d (Yo, Vo)
X x; Y.,y })

:V,(d(xn_l,xn);d(yn_l,yn)).

Thus from (2.4), we have

w (Y, Vo))

Sﬂ(t//( (X, %) +d(y, 1!yn)))l//(d( LX)+ (Y, 1,yn))

2 2

ding (2.3) and (2.5), we get
) ﬂ(w(d(xn1,xn);d(yn1,yn)))w(d(xnpxn);d(y“,yﬁ |
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l//(d(Xn,XM))-I-W(d(yn, Yn+1)) Thus from (2.7), we have
2 w(d (X, Xy)) <y (d (X, X,0)) + BIM (X0 Yo X V)
(%00 %) + 40 s Y)Y (4Gt %) £ (Yoss Vi) d (% Xn) + A (Y1 Vi)
Sﬂ(w( > ))V/( > ) +z//(max > ,
As / is sub additive, so we have d(y,, ym)+d(xn+1, ”)})+l//(d (%)),
W(d(xn’ n+1)+d(yn’yn+l)) (2.8)
( n-1’ )+d(yn l'yn) d( n-1! )+d(Yn 1 yn) In a similar way, we obtain
<26\ v \
( ( 2 )) ( 2 ) l//(d(yn’ym))SW(d(yn’yn+l))+ﬁ(M (ym'Xm'yn’Xn))

+N(ym’ Xm’ yn’ Xn)+l//(d (ym’ ym+1))

Ifwetake D, =d(X, ,,X,)+d(Y,,V,). then we have
Sy (A (Yo, Vo)) + BIM (Vs Xis Yoo %))

W(Dn+1) < Zﬂ(l//(7))l//(7)1 (2.6) +l//(max d(xn'xm)—;d(yn’ ym) ’
which shows that {D } is a decreasing sequence. d(x,, % )+d(Y,..,Y,)
. 1)+ p @ o))

We claimthat limD, =0 .
n—o (2.9

From (2.8) and (2.9), we have
p(dx, %) +d (Y, o))
<y (%, X.0)+ BM (K, Y, %, V)

'//(Dn+1)_ ,B(( )) ( {d +d (Y,,Y,) yn,ym)+d(xn+1,xn)})

If not, then there exits I > 0 such that lim D, =r . Now from

N—oo

(tag2.7), we have

2
which on taking limit as N —> oo gives that (I) <y/(%) . a +y(d(x, Xm+1))+V/( (¥, yn+1))+,8( (Yo X0 Vi X))
contradiction. So I =0. ( {d +d yn'ym )+2d(y””’y”)})+l//(d(ym,ym+1))
Now, we show that {X} and {y} are Cauchy sequences in d(y.y.)
X . For this, we prove that nIrLTooW(d (X,,X%.)) =0 and SW(d(XNXM)Hﬁ(M(Xn,yn,meym))W(%)

d(X,..,X,)
lim w(d(y,,Y,)) =0, where n,mell ,with n<m. +ﬂ(M(Xn,yn,Xm,ym))W(Tl)H//(d(Xm Xpet))

Consider 000+ 8000, 5, 9 (L222)
p(d (%, %)) Sw(d (%, %)) + ¥ (d (X X)) + 9 (d (X %,0) a(y...y)
<p(d(x, %) +w@(F(x,y,).F(x,.Y.) +ﬂ(M(ym,Xm,yn,xn))w(%)w(d(ym,ym+1))
-H//(d (Xm Xm+1))
(X

<y (A0 X))+ BIM G Yo Ko Y IN (X Yo X V)
+y/(d( ) Sy (d (X, X1)) + 28M (X, Yoo X, Y D (A (Y, Vi)

where +d(x,, x, N1+ BM(X,,Y,, X, ym))[//( (X n)

(xn,yn,xm,ym)=y/(max{d(x”’x”‘)+d(y”‘y"‘) d(y,, v, ) +A(Fx, y )00 Y (A O X)) + ¥ (d (Yo, Yian))

2 2 B (5 X XD )y, )

LSS RAR BRI )

which further implies that
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(A3, 1,) 07,3, -
<yl %) B, 202
)

0003 A5 22 ) (8035,

that is,

l//(d(xn’xm)+d(Yn’ym)) <

L2000 g )

(M) 1,

2
(d (y“’ yn+l)) t ‘//(d (Xn+21¥ X )

which on taking limitas M, N —> o0, gives

lim (d(x,, X,) +d (Y, ¥n)) <0,

)v(40,.3,.)

a contradiction. Hence lim d(X_,X.) =0 and
n,m—oo

lim d(y,,y,)=0,thatis, {X,} and {y,} are Cauchy

sequencesin X. As (X, d) isacomplete, so there exist

X", y" € X suchthat limx, =Xx" and I|myn y'

Now we are to show that (X", y™) is the coupled fixed point of
F . if function F is continuous, then
d(F(X, 7)) <A(F(X,Y) %) +d (%0, X)
=d(F(X, Y, F" (6, Yo)) +d (X0, X)
=d(F(Y ) F (%, Vo)) +d (%0, X)
(F(<,y7),

=d(F X*, ' (FH(XOIYO)anil(meo)))"'d(

on taking limitas N —> oo implies that d (F (X", y*),x") <0

andso F (X*, y*) =X". Similarly we have F (y*, X*) =y

Hence (X*, y*) is the coupled fixed point of F . Suppose that

F s not continuous, then by the sequential limit comparison
property of X ,we have X, < X" and Y, > Y". Now, from

(2.1) we have
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v (d (%, FOC YD) = w (d(F (X, ¥,), F (X, ¥))

S LM (X Yo XY DN Y XY,
(2.10)

where

_ d(x, X) +d(yn,y*) U BEIGESARY
(Xn’ynlx’y - (maX ) 2 })

=l//(max{d(xn,x )+d(yn,y*) d(yn,y*)+d(xn+1,xn)})‘

2 2

Thus form (2.10), we have
p(d (%0, F(<,Y)

Sﬁ(M(xn,yn,x*,y*))w(max{d(xn,x);d(ynl}’),d(yn y)+2d( » )})

which on taking limit as N —> 00 implies that

w(d(X*, F(X*,y"))) <0. Hence we obtain

X" =F(X",y"). Similarly we obtain y* = F (y*, X*).
Now, suppose that the set of coupled fixed points of F is
contained in A< . We are to show that Fhas a unique coupled
fixed point. On the contrary suppose that there exists (X', y") in
X x X suchthat F(X',y") =X and F(y',X") =Y with
X" # X' and y* * y’ . From (tag2.1), we have

y(d(x", X)) =y (d(F(X,y), F(x,y)))

<AMX, YL XL YDONXE, Y XL Y,
(2.11)

where

d(x' })+d(yy) d(y'y)+d(F(X,y),x)
2 ’ 2 })

:W(max{d(x*,X');d(y*,y')’d(y; y’)})
()
From (2.11),

w(d(x) < BM Y XY )y

(26020

Similarly
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w(@(y,y ) <Ay, y Ny (LGN e P =v (e (52 20))

2

Thus we have
p(dOCX)+d(y, Y ) <[BM(X Y X Y)
v o (A0 X)HA(YY
ey ()
y(H01)800))
2

a contradiction. Hence X™ = X" and " =Y'.
Conversely, if F has a unique coupled fixed point then, the set of
coupled fixed point is contained in A _ .
Example 2.1. Let X =[0,1] be endowed with a usual order and

a usual metric d . Consider the mapping

Xy

F: XxX—>X, F(x,y)=< 8
0 otherwise.

ifx>y

Xi_ygxz_y

Asfo X, <X, ,wehave
8 8

forall y e X

X— X—
and also for Y, <'Y,, we obtain 8y1 > XY, for

all X € X, thatis F has a mixed monotone property.

Define 3, W asfollows: y(X) =In(x+1)
and f(X) = @ Clearly, B€S and ¥ € ¥ . Now, we
X

show that Fsatisfies condition (2.1). For X <U and Y >V,

we have

g 8

g%In[ln(%(|x—u|+|y—v|+1)+1]
=3 G r-ul+ly =) Jo (5 (r-ul+ly-+))

_ ﬂ(v/(d(x,u)erd(y,v)))‘//(d(x,u)erd(y,v))
< BM(X, Y,u,V)IN(X, y,u,v).

Thus all the conditions of Theorem 2.1 are satisfied. Moreover
(0,0) is the unique coupled fixed point of F .

Corollary 2.1. Let (X, <, d) be a complete partially ordered
metric space and F : X x X — X a mapping having mixed

monotone property. Suppose that there exist € S and ¥ € ¥

such that

w(d(F ) Pl (L 1)) (St A0D)
(2.12)

forall X,Y,U,V e X, forwhich X<U and Y > V. If there
exist Xg, Yo € X suchthat X, < F(X,,Y,)and

Yo = F(Y,,X,) andeither F is continuous or X has a
sequential limit comparison property, then F has a coupled fixed
point. Moreover, F has a unique coupled fixed point if and only if
the set of all coupled fixed points is contained in A< .

An application

Let Q3 =[0,1] be abounded setin [ ,and L*(2) a set of

comparable functions on €2 whose square is integrable on €2 .

Consider the integral equation

X(t) = [ at,s,x(s))ds +k(),

3.1
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where : QxQx[ " —[ " and K:Q—>[1" are

continuous mappings.
In this section, we shall study sufficient condition for existence of
solution of integral equation in the framework of ordered metric

spaces.

Let L?(€2) be endowed with the partial ordered < given by:
X,y e L(Q), x<yiff X(t) < y(t). foral t Q and
d:L*(Q)x L*(Q) =1 ametric given by

d(x,y)= fgglx(t) -y()|.

Suppose that the following conditions holds:

1) Foreach S,t € Q),
q(t,s,u(s)) <q(t,s,v(s))
forall U(S)<V(s).
2) Foreach S,teQ)

IQ|q(t, s,u(s)) —q(t, s, v(s))|ds <|u(s) —v(s)|.

3) Thereexist i :[0,00) — [0, 00), continuous, non-
decreasing with i~ ({0}) = {0} and
f:[0,00) —>[0,2) such that
w@r/4) < Sy (r))w(r) foral r[0,).

Then the integral equation (tag2.17) has a solution in L?(Q2).

Proof. Define
F(x(). yo) = La(t S,w)ds+ K(t)
when X(S) > y(S) and F(X(t), y(t)) =0 otherwise. Now

using X, (S) <X, (S) and (1), we have
F Oy (1), y®) = | q(t s, M)o|s+|<(t)

SIQq(t,s,w)dSJrk(t)
=F(x(t), y(®)).

Also, using Y, (S) > Y,(S) and (1), we have

ISSN 1013-5316; CODEN: SINTE 8 3947

P00 = [t s 22D as kg
< | Qq(t,s,—BX(s);yZ(S))ds+k(t)
— F(x(t), v, (0).

For X,(S). Y, (S) belong to the Lebesgue space L, [0,1], we
can choose the square integrable functions such that the two

integrals of (| (t, S, ) over [0,1] is finite. By changing the
values of X, (S) and Y, (S) at one point(s), we have
%, () squ(t,s,w)dsw(t),

and

(92 [ ot s 2% L)

Thus, we have

squ(t,s,w)dsw(t)
=F (% (1), Yo (1)

)ds+k(t).

and
zqu(t,s,w)dsjtk(t)
= F (¥ (1), % (1)).

Now, for X(t)éu(t) and y(t)ZV(t), we have
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y (d(F(x,y),F(u,v))
= W(S;S(EJ|F(X(t), y(t)) - F(u(t), v(t))

Iq(t’s,w)ds
Q 8

=y | sup

teQ —qu(t, s, 3u(s)8—v(s))dS

q(tis’w)

<y|sup 8 ds

teq 7 @ _q(t.s, 3u(s)8—v(s))

<y sup 3x(s)8— y(s) 3u(s)8—v(s) j
~v|sup 3[X(S)8—U(S)] _[y(S);V(S)]j

< 5[ 31suplk-uw)+suplyco -von |

Xy (%[stug |X(t) —u(t)| +StU£E> |y () —V(t)|]j

d(x,u)+d(y,v d(x,u)+d(y,v
_ B ( )2 (y )))W( ( )2 (y ))_
Thus (2.12) is satisfied. Now we can apply Corollary 2.1 to obtain

the solution of integral equation (3.1) in L*(Q2).
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